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ABSTRACT 

In  this  paper,  some  oscillatory  criteria  for  the  solutions  of  first  order  neutral  delay  difference  equation  with 
negative  coefficient  are  obtained.  Here,  I  consider  the  neutral  delay  difference  equation  of  the  form, 

A(xn+r,pcn.k)-q,g(xn.J  =0,  (1.1) 

Where,  neN(n0),  n0  is  a  nonnegative  integer  and  A  is  the  forward  difference  operator.  jq,J  is  the  positive 
sequences  and  {r,J  is  a  real  sequence,  g  is  the  continuous  functions  such  that  ug(u)f0,  for  uft) .  Also  k,  m  are  positive 
integers.  Here,  A  is  the  forward  difference  operator  defined  by,  A y„=  y„+i-y„.  By  a  solution  of  (1.1),  we  mean  a  real 
sequence  {x,J  which  satisfies  the  equation(l.l )  for  all  neNo.  A  solution  (x,J  of  (1.1 )  is  said  to  be  oscillatory,  if  the  terms  of 
the  sequence  are  not  eventually  positive,  or  not  eventually  negative.  Otherwise,  it  is  called  noil-oscillatory.  Equation  (1.1) 
is  said  to  be  oscillatory,  if  all  its  solutions  are  oscillatory.  Following  this  trend,  in  this  paper,  some  sufficient  conditions 
for  oscillation  of  all  solutions  of  equation  (1.1 )  is  obtained. 
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1.  INTRODUCTION 

In  recent  years,  the  literature  on  the  oscillation  theory  of  neutral  delay  difference  equations  is  growing 
very  fast.  This  is  due  to  the  fact  that  the  neutral  delay  difference  equations  are  a  new  field  with  interesting 
applications  in  real  world  life  problems.  The  obtained  criteria  improve  some  known  results  in  the  oscillatory 
behavior  of  solutions  of  first  order  neutral  delay  difference  equations.  See  for  example  [1-11]  and  the  references 
cited  therein. 

2.  MAIN  RESULTS 

In  this  section,  some  sufficient  conditions  for  the  oscillation  of  all  solutions  of  equation  (1.1)  are  obtained. 
Let  us  assume  the  following  conditions. 

•  A  | .  Hn_a+I_m—  q ; i  2a  : i i~q : : ~q  ; i II 1  d  1  f  I  :i  - 1  : 1 1'::'  0. 

•  A2:  rn_a_mHn_a+i_m<  hi,  qn-m[Hn.a+i_,n]<  h2,  ,  for  hi  ,  h2sN(n  0  ) 

Lemma2. 1[4] 

Suppose,  there  exists  a  real  number  asN(n0),  such  that 
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za(n)  =  rn-  >  L 

s—n—2a—m 

Let  xn  be  an  eventually  positive  solution  of  the  difference  inequality, 

A  (x+rnxn_k)-qnxn_m>0  (2.1) 

Where, 


=x„+rnxn.+ 


n—m—ci 

YjClsXs-m 

s=n—2a—m 


Then  eventually  Azn>0  and  zn<0. 

Proof 

To  prove  Azn>0 

n—m—a 

Azn  —  A(xn+inxn)+A(  Q  s  X  s—m  ) 

s=n—2a—m 

— tJnXn-m"^qn-a-mXn-2a-2m"t"fln-2a-mXn-2a-2m 
Azn>-Hn.a+i_mxn.a_m 


Azn>0. 

To  prove  zn<0 

Suppose 

From(2.2), 


zn>  0,  there  exists  ^>0  such  that  zn>  ^ 

n—m—a 

xn>^  +rnxn--  y.<?iL-»i 

s=n—2a—m 


(2.2) 


(2.3) 

(2.4) 


Let  us  consider  two  possible  cases. 

i) { xn }  is  unbounded,  thenlim  Xn=co.  Hence  there  exists  a  real  sequence  { v, } ,  i=  1 ,2,  ....co,  such  that  xtv,)— >co  as 

H— >oo 


Let  x(Vi)=max(xn) 


n—m—a 

x(Vi)>  ^  +r„xn_-  ^qsXs_m 

s—n—2a—m 

x(v,)  >  ^  +  x(v;)  ,  which  is  a  contradiction.  Hence  zn<0. 

ii)Suppose  { xn}is  bounded.,  then  lim  sup  xn=L. 

n — 


Let  { V;}  ,  i=l,2,...oo  ,  be  a  real  sequence  such  that  x(v;)— >L,  as  i— »oo. 
Let  x(vi)=max(xn) 
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x(v,)>  ^  +rnX„.- 

s—n—la—m 

x(Vi)>  P  +x(Vi) 

supx(Vj)  >  sup(  Ll  +x(Vi)),  then  L  >  ^  +L,  which  is  a  contradiction.  Hence,  zn<0. 

Lemma2.  2[4] 

Suppose,  there  exists  a  real  number  bsN(no)  such  that, 

n—m—b 

Zb(n)=  r„-  Y  qsxs.m<  1  . 

s—n—2b—m 


Let  xn  be  an  eventually  negative  solution  of  equation(2.1),  and 


Let  zn=xn-rnx„.+ 


n—m—b 


s—n—2b—m 


If  the  second  order  difference  inequality  A2xn-(l/pk)H„_b+i_m>0,doesnot  have 

Proof 

Suppose  zn<0,  there  exists  T<pk  such  that  xn<0. 

Let  Mt=max  xn 

n—m—b 

Let  zn=xn+rnxn_+  Y  qsxs.m  . 

s—n—2b—m 


n—m—b 

x^M^rn.-  Y  qsxs-m) 

s—n—2b—m 

xT<  M)  By  induction  we  can  prove  xn  <  M ,  for  T+npk<n<T+(  11+ 1 )  pk 
Let  lim  zn=a, 

n—>o° 


i) let  a=0.Then  there  exists  Tt<T  such  that  zn>  M , 

n+Pk 

x„<  { 1/Pk}  Yzn 

r, 

ii) let  oi>0,  Since  Azn>0  ,  we  have  zn<a. 

n—m—b 

xn<a+  rnxn.(  'Yj  qsXs-m) 

s=n—2b—m 

n—m—b 

X„<  a+MjCv  Y  q*-ni) 
s=n—2b—m 
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Xn<  OH-  Mi 

In  general ,  xn<  na+  M 

Hence  we  have  lim  xn  =oo.  There  exists  T2<Ti  ,  such  that 

n—>oo 

n+Pk 

xn<{  1/pk}  ^  Zn  , combining  both  cases  there  exists  T  <T2,  such  that  xn<{  l/pk) 

T2 

"+Pk 

let  y„=  ^  Zn  ,  since  zn<0,  y„<0. 

T* 

Hence  we  have,  Ayn=zn_  A2yn=,  Azn 
From(2.3),  Azn>-Hn.b+I.mxn_b.m 
n+Pk 

Azn>H„.b+1.m  ^  Z„ 
t * 


”+Pk 

Hence,  A2yn-  H„_b+i_m  ^  Z„  >0,  which  is  a  contradiction  to  the  given  condition  of  lemma  2.  2.  Hence,  zn>0 
t * 

Theorem2.1 

Assume  that  {  qn-a-m/(Hn-a+i-2m)}  is  a  decreasing  sequence  and  AL  A2  holds.  Then  every  solution  of  equation  (1.1)  is 
oscillatory. 

Proof 

Suppose  to  the  contrary  that  equation  (1.1)  has  eventually  negative  solution.  Then,  from  lemma  (2.2) 

Azn>0  and  zn>0.  (2.5) 

n—m—a 

Now,  Az„=A(x„+r„xn)+  ^ qsxs-m 

s—n—2a—m 

CJnXn.m+C[n_a.mXn_2a-2m“^Qn-2a-m^n-2a-2m 

Azn^-Hn_a+i_mXn_a_m 

“Hn-a+i.mtZn.a.j^+rn.a.j^Xn.a.jjj.^+CJsXs.nJ 

Azn  —  Hn_a+kmZn_a_m-hiHn_a+i_mXn_m_a_k-Hn_a+i_m 
n—m—a 

Q  s  (Hs+i.m/Hs+J.m)  xs.m}  -Hn.a+i.m(Ht+i.m/Ht+i.m)  xt_i} 

s—n—2a—m 

Azn  — ”H-n.a+i.mzn.a.m+h  i  Azn.k+Hn.a+1.m(qn.a.m/Hn.a+1.2m)(zn-zn.a.m) 

Azn  — ”Hn.a+i.mzn.a.m+hjAzn.ic+h2  (zn.m-zn.a.m)+h2(zn.a_m-zn.i) 
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>-Hn.a+1.mzn.i+h1Azn.k+h2  (zn_m-zn_a_m)+h2(zn_a_m-zn_i) 

(AZn-hiZn.k)+(Hn.a+1.m+h2)zn.rh2Zn.m>0. 

Hence,  by  lemma  2.1,  zn  is  eventually  negative  solution.  This  is  a  contradiction  to  the  equation  (2.5).  Hence, 
every  solution  of  equation  (1.1)  oscillates. 

3.  CONCLUSIONS 

In  this  paper,  by  using  summation  averaging  techniques  and  comparison  principle,  some  new  oscillation  criteria 
for  first  order  neutral  delay  difference  equation  is  obtained.  This  result  improves  some  of  the  result  obtained  in  [4]. 
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